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HOPF ALGEBRA EXTENSION OF A ZAMOLOCHIKOV
ALGEBRA AND ITS DOUBLE
JINTAI DING
Abstract. The particles with a scattering matrix R(x) are defined as operators
Φi(z) satisfying the relation R
j′,i′
i,j (x1/x2)Φi′(x1)Φj′ (x2) = Φi(x2)Φj(x1). The al-
gebra generated by those operators is called a Zamolochikov algebra. We construct
a new Hopf algebra by adding half of the FRTS construction of a quantum affine
algebra with this R(x). Then we double it to obtain a new Hopf algebra such that
the full FRTS construction of a quantum affine algebra is a Hopf subalgebra inside.
Drinfeld realization of quantum affine algebras is included as an example. This is
a further generalization of the constructions in [DI].
1. Introduction.
In physics, the particles with a scattering matrix R(x) in End(V )⊗ End(V ) are
defined with the operators Φi(x) index by a linear independent basis of V such that
Rj
′,i′
i,j (x1/x2)Φi′(x1)Φj′(x2) = Φi(x2)Φj(x1),
where V is a vector space, x is a parameter in C. This naturally gives a algebra with
these current generators Φi(x), which we will call a Zamolochikov algebra. However
this algebra is not given a Hopf algebra structure. We construct a Hopf algebra on
this algebra by adding structure with the ideas coming from the structures of the
affine quantum groups.
The definition of quantum groups discovered by Drinfeld and Jimbo is presented as
a deformation of the simple Lie algebra by the basic generators and the relations based
on the data coming from the corresponding Cartan matrix. The extension of the
realization of the affine Kac-Moody algebra gˆ associated to a simple Lie algebra g as
a central extension of the corresponding loop algebra g⊗C[t, t−1] [G] has two different
approaches. The first approach was given by Faddeev, Reshetikhin and Takhtajan
[FRT], who obtained a realization of the quantum loop algebra Uq(g ⊗ [t, t
−1]) via
a canonical solution of the Yang-Baxter equation depending on a parameter z ∈ C.
This approach was completed by Reshetikhin and Semenov-Tian-Shansky [RS] by
incorporating the central extension in the previous realization. We call this approach
FRTS construction. The second approach was given by Drinfeld, who [Dr2] gave a
realization of the quantum affine algebra Uq(gˆ) and its special degeneration called the
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Yangian. As an algebra, this realization is equivalent to the FRTS construction [DF]
through certain Gauss decomposition for the case of Uq(gˆl(n)). Although we can not
extend the conventional comultiplication to the current operators of Drinfeld to derive
a closed comultiplication formula, Drinfeld also gave the Hopf algebra structure for
such a formulation [DF], which [DM] [DI] we used to study vertex operators and zeros
and poles of the quantum current operators. In the Drinfeld realization of quantum
affine algebras, the structure constants are certain rational functions gij(z). In [DI],
we generalize this type of Hopf algebras by substituting gij(z) by other functions that
satisfy the functional property of gij(z).
In this paper, we will use the idea of FRTS construction to define a Hopf algebra
generated by a current operator valued matrix on V , L(x), such that
R(x1/x2)L1(x1)L2(x2) = L2(x2)L1(x1)R(x1/x2),
where L1(x) = L(x)⊗1 and L2(x) = 1⊗L(x); and the commutation relation between
the particles and this new operator matrix L(x) is presented as
Φ(x1)1L(x2)2 = R(x1/x2q
c/2)−1L(x2)2Φ(x1)1.
This relation can be interpreted as that Φ(x) is an intertwiner for the algebra gen-
erated by L(x) [FR]. With this we can define a comultiplication on the algebra
generated by L(x) and Φ(x), where the comultiplication for L(z) comes from FRTS
construction and the comultiplication of Φ(x) is defined as
∆(Φ(z)) = Φ(x)⊗ 1 + L(xqc1/2)⊗ Φ(zqc1),
which is a generalization of Drinfeld construction. Then combining the idea of FRTS
construction and Drinfeld realization, we give a double for such a construction, where
the FRTS construction is a Hopf subalgebra and Drinfeld realization is a special case
of our realization with certain diagonal R(x). This paper is basically a result of
the combination of the two approaches, the FRTS construction and the Drinfeld
realization.
This paper contains two sections. In the first section, we define the Zamolochikov
algebra and present its Hopf algebra extension. The second section is to describe the
double of such a construction and the related examples.
2. Hopf algebra extension of a Zamolochikov algebra
Let V be the vector space Cn. Let x be an parameter in C. A function valued
R-matrix R(x) is an function valued operator in End(V )⊗ End(V ), which satisfies
the so-called Yang-Baxter equation:
R12(z)R13(z/w)R23(w) = R23(w)R13(z/w)R12(z),
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where R12(x) = fij(x)
∑
ij ai ⊗ bj ⊗ 1 = R(x) ⊗ 1, R13(x) = fij(x)
∑
ij ai ⊗ 1 ⊗
bj , R23(x) = fij(x)
∑
ij 1 ⊗ ai ⊗ bj = 1 ⊗ R, and R(x) = fij(x)
∑
ij ai ⊗ bj . We also
require that R(x) satisfies the unitary condition
R21(z)
−1 = R(z−1),
where R21(z) = fij(x)
∑
ij bj ⊗ ai.
Definition 2.1. The associative algebra P [R(x)] is an algebra generated by opera-
tors Φi(x) index by a linear independent basis ei of V . Let Φ(x) = ΣΦi(x)⊗ ei. The
commutation relations are presented as:
R(x1/x2)Φ(x1)1Φ(x2)2 = Φ(x2)2Φ(x1)1,
where Φ(x1)1Φ(x2)2 = ΣΦi(x1)Φj(x2)ei⊗ej and Φ(x2)2Φ(x1)1 = ΣΦj(x2)Φi(x1)ei⊗ej
As explained in the introduction, this system is used in the description particles
(Φi(x)) in physics with the scattering matrix R(x) and in some other context. This
relation is also satisfied by the vertex operators for quantum affine algebras [FR]
[DFJMN], etc and this type of system also appeared in describing the elliptic type
of algebras [FO]. However, they are all described as algebras not Hopf algebras.
Following the idea in [DI], [B], we would like to extend this algebra with additional
current operators coming from the FRTS construction to give a Hopf algebra structure
to such a system.
Definition 2.2. The algebra EP [R(x)] is an associative algebra generated by Φi(x)
indexed by a linear independent basis ei of V , lij(x) indexed by the linear independent
basis eij of End(V ) and a central element k. Let Φ(x) = Φi(x)⊗ ei and the operator
valued matrix L(x) = Σlij(x) ⊗ eij , such that L(x) is invertible. They satisfies the
commutation relations:
R(x1/x2)Φ(x1)1Φ(x2)2 = Φ(x2)2Φ(x1)1,
Φ(x1)1L(x2)2 = R(q
c/2x1/x2)
−1L(x2)2Φi(x1)1,
R(x1/x2)L(x1)1L(x2)2 = L(x2)2L(x1)1R(x1/x2).
Here Φ(x1)1L(x2)2 = ΣΦi(x1)Lkl(x2)ei⊗ ekl, L(x2)2Φi(x1)1 = ΣLkl(x2)Φi(x1)ei⊗ ekl,
L(x1)1L(x2)2 = PL(x1)2L(x2)1P = ΣLij(x1)Li(x2)eij⊗ekl, and P is the permutation
operator.
Theorem 2.1. The algebra EP [R(x)] has a Hopf algebra structure, which are given
by the following formulae.
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Coproduct ∆
(0) ∆(qc) = qc ⊗ qc,
(1) ∆(Φi(z)) = Φi(z)⊗ 1 + ΣLij(zq
c1
2 )⊗ Φj(zq
c1),
(2) ∆(Lij(z)) = ΣLik(zq
−
c2
2 )⊗ Lkj(zq
c1
2 ),
where c1 = c⊗ 1 and c2 = 1⊗ c.
Counit ε
ε(qc) = 1 ε(Lij(z)) = δij ,
ε(Φ±i (z)) = 0.
Antipode a
(0) a(qc) = q−c,
(1) a(Φi(z)) = Σ− (L(zq
−
c
2 )−1)ijΦj(zq
−c),
(2) a(L(z)) = (L(z))−1.
We will use the notation to denote the comultiplication.
∆Φ(x1) = Φ(x1)⊗¯1 + L(x1q
c1
2 )⊗¯Φ(x1q
c1);
∆(L(x2) = (L(x2q
−
c2
2 )⊗¯L(x2q
c1
2 ))
Proof. For the comultiplication above we have that
∆Φ(x1)1∆L(x2)2 =
(Φ(x1)⊗¯1 + L(x1q
c1
2 )⊗¯Φ(x1q
c1))1(L(x2q
−
c2
2 )⊗¯L(x2q
c1
2 )2 =
R(x1/x2q
c1+c2
2 )−1(L(x2q
−
c2
2 )⊗¯L(x2q
c1
2 ))2(Φ(z)⊗¯1)1+
R(x2/x1q
c1+c2
2 )−1(L(x2q
−
c2
2 )⊗¯L(x2q
c1
2 ))2(L(x1q
c1
2 )⊗¯Φ(x1q
c1))1.
R(x1/x2)∆Φ(x1)1∆Φ(x2)2 =
R(x1/x2)(Φ(x1)⊗¯1 + L(x1q
c1
2 )⊗¯Φ(x1q
c1))1(Φ(x2)⊗¯1 + L(x2q
c1
2 )⊗¯Φ(x2q
c1))2 =
(Φ(x2)⊗¯1)2(Φ(x1)⊗¯1)1 + (L(x2q
c1
2 )⊗¯Φ(x2q
c1))2(Φ(x1)⊗¯1)1+
(L(x1q
c1
2 )⊗¯Φ(x1q
c1))1(L(x2q
c1
2 )⊗¯Φ(x2q
c1))2+R21(x2/x1)
−1L(x1q
c1
2 )⊗¯Φ(x1q
c1))1(Φ(x2)⊗¯1)2 =
∆Φ(x2)2Φ(x1)1.
This construction of comultiplication follows partially the idea of constructing co-
multiplications for the quantum Lie algebra [B], where the cases without the param-
eter x are given. With our construction, we can extend the Hopf algebra structures
to the special Zamolochikov algebra Zn,k(ξ, τ), which is defined as the algebra gener-
ated Φ(z) with an Belavin elliptic R-matrix R(z)[FO]. We expect that the new Hopf
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algebra structure should be very useful in the study of the representation theory of
the elliptic Zamolochikov algebras and hopefully even the related Sklyanin elliptic
algebras.
3. The Double of EP [R(x)]
In this section, we will present a double of the algebra EP [R(x)] following the
Drinfeld realization of the quantum affine algebra Uq(sˆl(2)).
Definition 3.1. The algebraDEP [R(x)] is an associative algebra generated by Φi(x)
indexed by a linear independent basis ei of V , lij(x) and l
∗
ij(x) indexed by the linear
independent basis eij of End(V ), Φ
∗(x) indexed by a linear independent basis e∗i of V
∗,
the dual space of V , and a central element k. Let Φ(x) = Φi(x)⊗ei, Φ
∗(x) = Φ∗i (x)⊗e
∗
i
the operator valued matrix L(x) = Σlij(x)⊗ eij ,L
∗(x) = Σl∗ij(x)⊗ eij , such that L(x)
and L∗(x) are invertible. They satisfies the commutation relations:
R(x1/x2)Φ(x1)1Φ(x2)2 = Φ(x2)2Φ(x1)1,
Φ(x1)1L(x2)2 = R(q
c/2x1/x2)
−1L(x2)2Φi(x1)1,
R(x1/x2)L(x1)1L(x2)2 = L(x2)2L(x1)1R(x1/x2).
R(x1/x2)L
∗(x1)1L
∗(x2)2 = L
∗(x2)2L
∗(x1)1R(x1/x2),
R(x1/x2q
−c)L(x1)1L
∗(x2)2 = L
∗(x2)2L
∗(x1)1R(x1/x2q
c),
Φ∗(x2)2Φ
∗(x1)1 = Φ
∗(x1)1Φ
∗(x2)2R21(x2/x1),
L∗(x2)2Φ
∗(x1)1 = Φ
∗(x1)1L
∗(x2)2R21(q
−c/2x2/x1),
Φ(x1)1Φ(x2)
∗
2−Φ
∗(x2)2Φ(x1)1 = 1/(q−q
−1)(L∗(wqc/2)δ(z/wq−c)−δ(z/wqc)L∗(zqc/2),
L(x1)1Φ
∗(x2)2R21(q
−c/2x2/x1) = Φ
∗(x2)2L(x1)1,
R(qc/2x1/x2)L
∗(x1)1Φ(x2)2 = Φ(x2)2L
∗(x1)1.
Here Φ(x1)1L(x2)2 = ΣΦi(x1)Lkl(x2)ei⊗ ekl, L(x2)2Φi(x1)1 = ΣLkl(x2)Φi(x1)ei⊗ ekl,
L(x1)1L(x2)2 = PL(x1)2L(x2)1P = ΣLij(x1)Li(x2)eij⊗ekl, and the others are defined
in the same way. P is the permutation operator. δ(z) is the distribution with the
support at 1.
Theorem 3.1. DEP [R(x)] has an Hopf algebra structure. The comultiplication ∆,
the counit ε and the antipode a are given by the following formulas.
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Coproduct ∆
(0) ∆(qc) = qc ⊗ qc,
(1) ∆(Φi(z)) = Φi(z)⊗ 1 + ΣLij(zq
c1
2 )⊗ Φj(zq
c1),
(2) ∆(Lij(z)) = ΣLik(zq
−
c2
2 )⊗ Lkj(zq
c1
2 ),
(3) ∆(Φ∗i (z)) = 1⊗ Φ
∗
i (z) + ΣΦ
∗
j (zq
c2)⊗ L∗ij(zq
c2
2 ),
(2) ∆(L∗ij(z)) = ΣL
∗
ik(zq
c2
2 )⊗ L∗kj(zq
−
c1
2 ).
where c1 = c⊗ 1 and c2 = 1⊗ c.
Counit ε
ε(qc) = 1 ε(L(z)) = ε(L∗(z)) = I,
ε(Φ(z)) = 0 = ε(Φ∗(z)).
Antipode a
(0) a(qc) = q−c,
(1) a(Φ(z)) = −L(zq−
c
2 )−1Φ(zq−c),
(2) a(Φ∗(z)) = −Φ∗(zq−c)L∗(zq−
c
2 )−1,
(3) a(L(z)) = L(z)−1,
(4) a(L∗(z)) = L∗(z)−1.
Proof.
∆Φ∗(z)1∆Φ(w)
∗
2R21(w/z) =
(1⊗ Φ∗(z) + Φ∗(zqc2)⊗ L∗(zq
c2
2 ))1(1⊗ Φ
∗(w) + Φ∗(wqc2)⊗ L∗(wq
c2
2 ))2R21(x1/x2) =
(1⊗ Φ∗(w)2(1⊗ Φ
∗(z)1 + (Φ
∗(wqc2)⊗ L∗(wq
c2
2 ))2(1⊗ Φ
∗(z))1+
(Φ∗(zqc2)⊗L∗(zq
c2
2 ))1(1⊗Φ
∗(w))2R(z/w)
−1+(1⊗Φ∗(w)+Φ∗(wqc2)⊗L∗(wq
c2
2 ))2×
(1⊗ Φ∗(z) + Φ∗(zqc2)⊗ L∗(zq
c2
2 ))1 + (Φ
∗(wqc2)⊗ L∗(wq
c2
2 ))2(Φ
∗(zqc2)⊗ L∗(zq
c2
2 ))1.
∆Φ∗(z)1∆L
∗(w)2R21(q
−(c1+c2)/2w/z) =
(1⊗ Φ∗(z) + Φ∗(zqc2)⊗ L∗(zq
c2
2 ))1(L
∗(wq
c2
2 )⊗ L∗(wq−
c1
2 ))2R21(q
−(c1+c2)/2w/z) =
∆L∗(w)2∆Φ
∗(z)1.
∆L(z)1∆Φ
∗(w)2R21(q
−(c1+c2)/2w/z) =
(L(zq−
c2
2 )⊗ L(zq
c1
2 )1(1⊗ Φ
∗(w) + Φ∗(wqc2)⊗ L∗(wq
c2
2 ))2R21(q
−(c1+c2)/2w/z) =
(1⊗Φ∗(w))2(L(zq
−
c2
2 )⊗L(zq
c1
2 )1+(L(zq
−
c2
2 )⊗L(zq
c1
2 )1(Φ
∗(wqc2)⊗L∗(wq
c2
2 ))2R21(q
−(c1+c2)/2w/z) =
(1⊗ Φ∗(w))2(L(zq
−
c2
2 )⊗ L(zq
c1
2 )1 + (Φ
∗(wqc2)⊗ L∗(wq
c2
2 ))2(L(zq
−
c2
2 )⊗ L(zq
c1
2 )1 =
6
∆(Φ∗(w))2∆(L(x1))1,
R(q(c1+c2)/2z/w)∆L∗(z)1∆Φ(w)2 =
R(q(c1+c2)/2z/w)(L∗(zq
c2
2 )⊗ L∗(zq−
c1
2 ))1(Φ(w)⊗ 1 + L(wq
c1
2 )⊗ Φ(wqc1))2 =
(Φ(w)⊗1)2(L
∗(zq
c2
2 )⊗L∗(zq−
c1
2 ))1+R21(q
−(c1+c2)/2w/z)(L∗(zq
c2
2 )⊗L∗(zq−
c1
2 ))1L(wq
c1
2 )⊗Φ(wqc1))2 =
∆Φ(w)2∆L
∗(z)1.
∆Φ(z)1∆Φ(w)
∗
2 −∆Φ
∗(w)2∆Φ(z)1 =
(Φ(z)⊗ 1 + L(zq
c1
2 )⊗ Φ(zqc1))1(1⊗ Φ
∗(w) + Φ∗(wqc2)⊗ L∗(wq
c2
2 ))2−
(1⊗ Φ∗(w) + Φ∗(wqc2)⊗ L∗(wq
c2
2 ))2(Φ(z) ⊗ 1 + L(zq
c1
2 )⊗ Φ(zqc1))1 =
0+1/(q−q−1)(L∗(wqc1/2+c2)δ(z/wq−c1−c2)⊗L∗(wq
c2
2 )−δ(z/wqc1−c2)L(zqc1/2))⊗L∗(wq
c2
2 )+
L(zq
c1
2 )⊗ (1/(q − q−1)(L∗(wq
c2
2 )δ(z/wq−c2+c1)− δ(z/wqc1+c2)L(zqc1+c2/2)+
(L(zq
c1
2 )⊗Φ(zqc1))1(Φ
∗(wqc2)⊗L∗(wq
c2
2 ))2−(Φ
∗(wqc2)⊗L∗(wq
c2
2 ))2(L(zq
c1
2 )⊗Φ(zqc1))1
Because
(L(zq
c1
2 ⊗ 1)1(Φ
∗(wqc2))⊗ 1)2R21(q
−c1+c2w/z) = (Φ∗(wqc2))⊗ 1)2(L(zq
c1
2 ⊗ 1)1,
and
(R21(q
−c1+c2w/z))−1(1⊗ Φ(zqc1))1L
∗(wq
c2
2 ))2 = L
∗(wq
c2
2 ))2(1⊗ Φ(zq
c1))1,
we have that
∆Φ(z)1∆Φ(w)
∗
2 −∆Φ
∗(w)2∆Φ(z)1 =
1/(q − 1−1)(∆L(z/wq(c1+c2)/2δ(z/wq−(c1+c2))− δ(z/wqc)∆L∗(zq(c1+c2)/2).
In all the setting above, we assume lij(z), l
∗
ij(z), Φi(z) and Φ
∗
i (z) are functional
operators, namely the operator depending the variable z. On the other hand, we can
assume that z is a formal variable and lij(z) = Σn∈Zlij(n)z
−n, l∗ij(z) = Σn∈Zl
∗
ij(n)z
−n,
Φi(z) = Σn∈ZΦi(n)z
−n, Φ∗i (z) = Σn∈ZΦ
∗
i (n)z
−n.We can define an algebraDZP [R(x)].
Let R′(z) = R(z)f(z), where f(z) is the common divisor of all the functions F (z),
such that F (z)R(z) has no poles.
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Definition 3.2. The algebraDZP [R(x)] is an associative algebra generated by Φi(x)
indexed by a linear independent basis ei of V , lij(x) and l
∗
ij(x) indexed by the linear
independent basis eij of End(V ), Φ
∗(x) indexed by a linear independent basis e∗i of V
∗,
the dual space of V , and a central element k. Let Φ(x) = Φi(x)⊗ei, Φ
∗(x) = Φ∗i (x)⊗e
∗
i
the operator valued matrix L(x) = Σlij(x)⊗ eij ,L
∗(x) = Σl∗ij(x)⊗ eij , such that L(x)
and ,L∗(x) are invertible. They satisfies the commutation
R′(x1/x2)Φ(x1)1Φ(x2)2 = f(x1/x2)Φ(x2)2Φ(x1)1,
Φ(x1)1L(x2)2 = R(q
c/2x1/x2)
−1L(x2)2Φi(x1)1,
R(x1/x2)L(x1)1L(x2)2 = L(x2)2L(x1)1R(x1/x2).
R(x1/x2)L
∗(x1)1L
∗(x2)2 = L
∗(x2)2L
∗(x1)1R(x1/x2),
R(x1/x2q
−c)L(x1)1L
∗(x2)2 = L
∗(x2)2L
∗(x1)1R(x1/x2q
c),
f(x2/x1)Φ
∗(x2)2Φ
∗(x1)1 = Φ
∗(x1)1Φ
∗(x2)2R
′
21(x2/x1),
L∗(x2)2Φ
∗(x1)1 = Φ
∗(x1)1L
∗(x2)2R21(q
−c/2x2/x1),
Φ(x1)1Φ(x2)
∗
2−Φ
∗(x2)2Φ(x1)1 = 1/(q−q
−1)(L∗(wqc/2)δ(z/wq−c)−δ(z/wqc)L∗(zqc/2),
L(x1)1Φ
∗(x2)2R21(q
−c/2x2/x1) = Φ
∗(x2)2L(x1)1,
R(qc/2x1/x2)L
∗(x1)1Φ(x2)2 = Φ(x2)2L
∗(x1)1.
Here Φ(x1)1L(x2)2 = ΣΦi(x1)Lkl(x2)ei⊗ ekl, L(x2)2Φi(x1)1 = ΣLkl(x2)Φi(x1)ei⊗ ekl,
L(x1)1L(x2)2 = PL(x1)2L(x2)1P = ΣLij(x1)Li(x2)eij⊗ekl, and the others are defined
in the same way as above. P is the permutation operator. δ(z) = Σn∈Zz
n. The
operator R(z) and R21(z) are expanded in appropriate directions.
If the poles of the matrix of R(z) are beyond a finite disc around zero, we can
always impose the condition that lkl(n) = 0 = l
∗
kl(−n) = lij(0) = l
∗
ji(0), for n < 0,
i < j. Then the condition of the invertibility is equivalent to requires that lii(0) and
lii(0) are invertible.
Example 3.1. Let v be one dimensional, and R(z) = z−wq2/zq2−w. Let l11(n) =
0 = l∗11(−n), for n < 0. Then the algebra DZP [R(x)] is the quantum affine alge-
bra Uq(sˆl(2)). If we choose R(z) to be other functions with the property R(z) =
(R(z−1)−1, then it is an algebra defined in [DI] as an generalization of the the quan-
tum affine algebra Uq(sˆl(2)).
Example 3.2. Let v = Cn and R(z) = Σ(z − wq2)/(zq2 − w)eii ⊗ eii + Σ(z −
wq−1)/(zq−1 − w)(eii ⊗ ei+1,i+1 + ei+1,i+1 ⊗ ei,i). Let lkl(n) = 0 = l
∗
kl(−n) = lij(0) =
l∗ji(0), for n < 0, i < j. Then the algebra DZP [R(x)] is an algebra, whose quotient
( modular the cubic relations) is Uq(sˆl(n)). If we substitute z − wq
2/zq2 − w and
(z − wq−1)/(zq−1 − w) by other functions, it will be the generalization of Uq(sˆl(n))
without the cubic relations [DI].
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Example 3.3. Let v = Cn and R(z) be the projection of the universal R-matrix R
of Uq(sˆl(n)) . Let lkl(n) = 0 = l
∗
kl(−n) = lij(0) = l
∗
ji(0), for n < 0, i < j. The
operator L(z) can be identified with the operator (id⊗piV )R21(zq
c/2) and L∗(z) with
the operator (id⊗piV )R
−1(z−1q−c/2). The subalgebra generated by L(z) and L∗(z) is
isomorphic to Uq(gˆl(n)). It can see that the algebraDZP [R(x)] should be isomorphic
to Uq(sˆl(n+ 1)), because when q goes to 1, this algebra degenerate into sˆl(n+ 1).
From the definition, we can see both the subalgebra generated by Φ(z), L(z) and
L∗(z) and the subalgebra generated by Φ∗(z), L(z) and L∗(z) are the Hopf algebras. If
we take R(z) to be the projection of the universal R-matrix R of Uq(sˆl(n)) on certain
linear spaces, we will derive unconventional Hopf algebras from those subalgebras.
It is clear our new algebras can be viewed as a simple generalization of the Drinfeld
realization of the quantum affine algebra Uq(sˆl(2)), where the function g(z) is substi-
tute by a matrix R(z), the operators are substituted by the vector valued operators
and the relations looks the same. However such a generalization is highly non-trivial
in the sense that all the Hopf algebra structures are preserved, in the other words,
those new algebras are Hopf algebras, whose comultiplication, counit and antipode
symbolically are the same. These new Hopf algebras should be very useful in various
applications in mathematics and physics, for example, the study of the representation
theory of the elliptic Zamolochikov algebras.
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